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ABSTRACT
In this paper we show that the ball measure of non-compactness of a norm
bounded subset of an Orlicz modular space L¥ is equal to the limit of its
n-widths. We also obtain several inequalities between the measures of non-
compactness and the limit of the n-widths for modular bounded subsets of
LY which do not have Ag-condition. Minimum conditions on % to have
such results are specified and an example of such a function %) is provided.

Introduction and Preliminaries
We start by recalling the usual definitions of Orlicz and modular spaces.

DEFINITION A. Let X be a vector space. A functional p: X — [0, o) js called a
modular; if for f,g € X the following is true:

(i) p(f)=0ifand onlyif f=0

(i) plaf) = p(f) if ja] = 1
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(iii) p(af +bg) < p(f) +plg) for a+b=1and a,b20.
If (iii) is replaced by
@iy  plaf +bg) < a’p(f) +b°p(g) for fg€ X,0<a,ba’ +5" =1

with 0 < s < 1 fixed, p is called s-conuvez modular (convex if s=1).

For example, every monotone F-norm p is a modular, every norm is a convex
modular, and p(z) = /]| for z € Risa 1-convex modular. To a modular we
associate a modular space. Let X be a real vector space and p be a modular on X.
We define the modular space X, by

X, = {f € X: lim p(of) =o} .

Obviously X, is a vector subspace of X.

DEFINITION B. An Orlicz function : R — R* is a continuous nondecreasing func-
tion with (0) = 0,%(£) — 00 as t — oo and P(—z) = ¥(z), i.e. ¥ behaves similarly
to power function ¥(t) = .

Let 4 be an Orlicz function and let (X, M, p) be a o-finite measure space. Then
for every measurable real valued function f on X, we define the Orlicz modular by

o(f) = [x (1F(@) )

p is convex if 9 is convex.
The Orlicz space is the space of all (equivalence classes of) measurable real
valued functions f on X so that }in}) p(Af) = 0. Obviously, an Orlicz space L¥

is & generalization of the classical L_;~spaces. Although 3 behaves similarly to the
power function (t) = tP, the convexity of the Orlicz function can be omitted; two
examples of such functions are:

P(t) =€ —1 and P(t) =In(l+1).

The vector space LY can be equipped with an F-norm defined by

11l = int {A > 0:0(d) < A} .

If p is convex, then
—i (L
Wl = mf{/\ > 0-p()\) < 1}

will define a norm on LY, in either case the norm is called a Luxemburg norm.
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With this norm (LY, || [|,) is a Banach space in case p is convex [9]. One has
two structures on L¥; one is that of Banach'space induced by the norm Il 1l,, and
the other is the structure of a modular space induced by the Orlicz modular p.

Although the study of structure of L¥ spaces is interesting in itself, many
applications to differential and integral equations with kernels of nonpower types
are the basic reason for the development of Orlicz spaces. Also, it should be noted
that the most commonly used rearrangement invariant functions spaces, beside LP-
space are the Orlicz function spaces. (See e.g. J. Lindenstrauss and L. Tzafriri [11].)

Let p be an Orlicz modular on L¥, a sequence (f;) of elements L¥ is called
modular convergent (or p-convergent) to f € LY if

p(fx—f)—0 as h— oo.

Norm-convergence in LY implies p-convergence, but p-convergence does not imply
norm-convergence. In case the measure space is o-finite, the following theorem gives
the equivalence. We say 9 satisfies Aj-condition if
(i) limsup(2u)/¥(u) < oo and limsgqu(Zu)/z/)(u) < oo in case the measure y is
u—00 u—

atomless and infinite.
(ii) hm sup ¥(2u)/¥(u) < 0o in case the measure p is atomless and finite.

(i) hm sup ¥(2u)/9(u) < 00 in case the measure 4 in case the measure 4 is purely

atom:c
All of them imply that there exists K, c > 0 such that for all f € L¥ we have
p(2f) < Kp(f) +c.

Theorem ([9])

Norm convergence and p-convergence are equivalent in LY if and only if v
satisfies the Aj-condition.

It should be remarked that Orlicz spaces L¥ with the Ay-condition are not far
from LP-spaces in the sense that there are analogous theorems about separability.
However, in the spaces which lack a A,-condition, the fact that p-convergence is not
reducible to norm convergence makes modular convergence interesting. For further
theory of Orlicz modular spaces, we refer to [8], [9], [12] and [14].

As for the measures of non-compactness [2), they are of interest in many spaces.
They are used in fixed point theory (see Darbo (3], Sadovskii [17], Reich [15], [16]),
and also in the study of the essential spectrum (see Nussbaum [13], Lebow-Schechter
{10, Aksoy [1]). Measures of non-compactness of embeddings in the context of
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Sobolev spaces are given by D.E. Edmunds and W.D. Evaas [6]. The (ball) measure
of non-compactness c(T") of T is defined to be:

a(T) = inf {e > 0:T(B;) can be covered by finitely many balls of radius e}.

.The estimates of a for embedding maps can be found in [4]. Two types of
measures of non-compactness, namely entropy and approximation numbers of em-
beddings in Orlicz spaces, are also studied in [5]. In [7], one can find fixed point
theorems in Orlicz modular spaces.

The purpose of this paper is to study measures of non-compactness in the con-
text of Orlicz spaces, where the Orlicz space under consideration is either equipped
with the norm or just an Orlicz modular. We will investigate equality of certain
measures of non-compactness in LY even if ¢ does not satisfy the Aq-condition.
From this point on, ¢ is assumed to be convex.

DEFINITION 1. Let £ > 0 be a fixed real number and let f € L¥. We define ||f|l,
the norm of f, as:

ufu=8—(% where s(f) = sup{s: p(sf) < £} > 0.

Proposition 1
1Al = ;&5 satisfies the properties of a norm.

Proof. Suppose f = 0, then using the fact that ¥(0) = 0, we obtain p(sf)=0<¢
which implies that ||f]| = 0. On the other hand, if ||f]] = 0, from the definition
there is 8, — 00 such that p(snf) < §or equivalently £ > [ ¥(|snf(z)])dp- Since ¢
is lower semi-continuous, we have

£>lim / W(lsnf(@) ) j Tl £(2))dp

> [ ptimfsnf(@))dn = / + [
{z:f(z)=0} {z:f(x)#0}

SR AL
{=:£(z)=0} {=:f(z)#0}
= u({z: f(z) = 0}) - (0) + p({=: (=) # O}) - ¥(e0)
Again using the facts that 1(0) =0 and 9(00) = 00, we obtain:
>0+ 00 p({z: f(z) #0})
which implies p({z: f(x) #0}) =0o0r f=0ae. p.
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To show ||Af]| = |A| || f]], consider
s(\f) = sup{s: p(aAf) < £} = sup {rii"’(; ) < e}
- ii—lsup{m plsf) < €} = i—i—,a(f)

IAfll = m =5 = IALIA-

To show the triangle inequality ||f + gll < [If]| + llgl, let s; and s, denote the s(f)
and s(g), respectively. Then

e+ RO R CIORS S
Since % is convex
p(SLetr+o )) oy )+ 5P 9) S

Thus s(f+g)2;’f&'—§;andhence s(f+g)2 :;_‘_’ag . Now
_ &

_ s(f) +s(g) _
If +gll = ) <¢- FORO) = |Ifll + llgll- O

Remark 1. Proof of Proposition 1 can be shortened if one makes the following
observations: Let v > 0 and consider the new modular p, = vp, then

191, =it {25 0:0(£) < 3}

Let i() = inf{t: p({) < £}, then i(f) = [|fll3, and since s(£) = 5. 56y = Nfl3,

holds and clearly deﬁnes a norm.
For any modular, it is known that p(f) < 1 if and only if || f||, < 1. Therefore,
using the above Remark 1, we can conclude that:

£l <1 i gpN <1 o) <6
Therefore, &|| f "é o JEMfp(f) <€ and hence in our notation:

- IFl <& iff p(f) <&
NOTATIONS
By 1(r) = {f:Ifl < r}Bp(r) = {f:p(f) < r} denotes the norm-ball and
p-ball centered at 0 and radius r, respectwely, where || - || is the norm defined in
Proposition 1 and p is the Orlicz modular on LY.
Furthermore, we will use r* for any number of the form r + ¢ for any € > 0
small enough, if there is no ambiguity.
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Proposition 2
f € By (r) if and only if p(8f) < &

Proof. pr(ﬁrl) < €, then s(f) = £, thus || fll = ;&7 < r. Conversely let f € By.y(r),

— r’
then § < s(f). First suppose £ = 5(f), thensince Y is increasing there is sy = 8(f)~
such that p(sy f) € €. Now using the Fatou property and the fact that 1 is lower
semi-continuous, we have

limp(s7 f) 2 j limo(o7 ) 2 [ 9lims7 £) = o) )-

There, p(5f) < &
Secondly, suppose & < 3(f), then there is sy = s(f)” such that o(sy f) <&

but & < s7 < s(f). Again using the fact that 1 is increasing we obtain
P (gf) <p(s7f)<€.0

The following result uses Proposition 2 to illustrate the relationship between
p-balls and norm-balls of LY.

Proposition 3
(i) When r < §, we have By (r) € B,(r)-
(ii) When £ <, we have B,(r) € By . (7).

Proof. (i) If f € By.(r), then by Proposition 2, p(g;,i) < €. Since 9(0) =0 and ¢ is

convex, we have
p(f)=p(%-§r£) < p(%‘f) + (1— %) p(0)
E=r

<

MY e K asd e

which shows that f € By(7).
(ii) ¥ f € By(r), then p(f) < r. Again using Proposition 2 together with the fact
(0) = 0 and 1 convex will yield:

. (%f) <Son+(1- f)omse

thus f € By(r). O

Remark 2. Notice that, although in the above proof of Proposition 3 we are using
the facts ¥(0) = 0 and ¢ is convex, in fact what we need is 9 satisfying

P(az) < ay(z) for 0<a < 1.
Corollary
Let D be a subset of LV. Then D is y-bounded implies D is || - |-bounded.
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Proof. Since 9 is increasing if r; < ra, then D C B,(r;) implies D C By(r2). Now
if D C B,(r) by (ii) of the previous proposition, we have

Dc B,,(max(r, f)) c Bn."(max(r, E)) .0

DEFINITION 2. Let D be a norm-bounded subset of L¥. The norm n-th width of D
in the sense of Kolmogorov is denoted by dﬁ Al and defined as
dﬁ,"(D) = inf{'r >0:.DC B“.u('r) + A,
where A, is a vector space with dim of A, < n}

and norm-ball measure of non;compactness ) . (D) is defined as

k
ay. (D) = inf {1’ >0:DC U B".“(x,-;r)} .

=1

Here k is arbitrary but finite; notice that

k k
U b".“ (zi;7) = B“." (r+ U{.’D,‘} .

i=1 i=1
Theorem 1
Let D be a || - ||-bounded subset of LY. Then
o). (D) = limdf,, (D).

Proof. We obviously have oy, (D) 2 li'rzn djj. (D). To show the reverse inequality,

suppose we choose an admissible 7 and A, such that D C By (r) + An, then we
can write D C D; + D, where Dy C By j(r) and D; C An. Observe that D is
| - -bounded, because for every f € D one has f = f; + fo where f> € Dy and

if2ll = If = Al < £+ AN

Now if we use the seminorm property in A,, which is finite, we obtain: for every
€ > 0, there exists a finite covering for D, by balls of radius ¢, i.e.

D, € | Byy(=iie).
finite

So By.y(r) + By (z:;€) € By.y(z:; + €) which implies o (D) <r+e. 0
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Remark 3. In the above proof to show
By.y(r) + Byy(zii€) S By (zisr +€)
we used the triangle property of our norm. But all we need is
If +gll < IFl+Cllgll for fixed C >0
This inequality holds if the Orlicz function % satisfies the condition:
Y(az + by) < av(z) +CH(Y)

witha+bC =1, a,b20 C > 0 fixed.

Notice that by replacing porm-balls by p-balls in Definition 2, one can similarly
define modular n-width of D, d:(D) and modular-ball measure of non-compactness
a,(D) for a p-bounded subset D as follows:

dy(D) = inf{r > 0: D C By(r) + A, where An
is a vector space with dim of An < n}

k
a,(D) = inf {r >o:pcl Bp(a:g;r)} :

i=1

Obviously we have lim dy(D) < a,(D). Therefore, one can ask whether The-
orem 1 type of equality holds with respect to modular, too. Following Theorem 2
gives an affirmative answer to this question in case 4 satisfies Ao-condition. Later
by Theorem 3 we give partial answers to the same questions in case 1 does not
satisfy Ag-condition.

Theorem 2

Suppose that ¥ satisfies the Ao-condition, then for a p-bounded subset D of L¥
we have:
lim d3(D) = (D).




Measures of non-compactness in Orlicz modular spaces 9

Proof. Since D is p-bounded, there exists M with p(d) < M for all d € D. On the
other hand, since 9 satisfies Aj-condition, there are K, C > 0 such that p(2f) <
K,(f) 4+ C. Now choose an admissible 7 and A,, such that D C B,(r) + An. Next
we claim that there is K such that p(z) < K, for each z € A, N D, because if
z € A, N D, then z = x; — 2, with z, € D and z3 € D N B,(r) and hence

2z, — 2z 1 1

p(z) = p| =52 ) < -p(2m1) + 5p(222)
) 2 )

1

-;-Kp(zl) + %Kp(zz) +2C< -;-KM + 3KM +2C.

Now choose K; so that % 2> 1, then using convexity we have p(!—%x) <

#:p(z) < & which implies that |jz]| < Xi. Since A, N D is norm-bounded and
finite dimensional, for any & > 0, there exists {;}7; such that

A,NDC U B (yi;¢), 0<e<l

. finite
Using Proposition 3 (i), (take £ = 1) we obtain
D C By(r)+ | By(wie) € |J Blwiir +¢)

finite finite

which implies a,(D) < nll.rgo dy(D). O

Lemma 1
Suppose D is a p-bounded subset of L¥, then we have one of the following:
(i) ap(D) 2 oy (D) 2 ¢
(ii) ap(D) < o). (D)< ¢
(iii) oy (D) =¢.
Proof. Case 1. Suppose a,(D) > €. Then using Proposition 3(ii), we have r+ >
a — p(D) > & such that

Dc | Byair*) € |J Bpywsir?)
finite finite
which implies ay.j (D) < a,(D).

Case 2. Suppose o). (D) < €. Then there is r* such that ay. (D) < v+ < &.
But by Proposition 3 (i) we have

Dc | Byylmi,rt) € |J Bolminr™)

finite finite

and therefore a,(D) < a.(D) < ¢. O
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Lemma 2
Suppose D is a p-bounded subset of LY, then we have only one of the following:
(i) 6,(D) = 6y4(D) 2 €
(ii) 6,(D) < &y(D) <&
(iii) &yy(D) =¢€
where ).y (D) = li'l‘ndﬁ',“(D) and 6,(D) = h%nd?(D)

Proof. Case 1. Suppose 6,(D) 2 &, then there is 7 2 §,(D) > £ and Ay such that
D C Bp(r+) + An g Bu.||('l'+) + An .

In the last inclusion we used Proposition 3(ii) again. Thus we have

{5n-u (D) £ 6,(D)
6(D) 2 €

Case 2 of this Lemma is similar to Case 2 of Lemma 1. O

Combining the results in Lemma 1 and Lemma 2 and Theorem 1 we obtain:

Theorem 3
Let D be a p-bounded subset of LY, then we have one of the following:
(i) ap(D) > 6,(D) = (D) = &:4(D) 2 £
(ii) 6,(D) < ap(D) < (D) = (D) <&
(iii) 8y.4(D) = oy (D) =¢&-

Remark 4. Combining Remark 2 after Proposition 3 and Remark 3 after Theorem
1 we deduce that the conditions we need to put on 4 in order for the above theorem
to hold are:
1. ¥(0) =0
2. Y(az + by) < ap(z) + b(y) with a+bC =1a,b>0,C >0 fixed.
These two conditions together imply that ¥(az) < e¥(z), which implies that ¥
is increasing. Also condition 2 above implies 1 is lower semicontinuous.
Tt is clear that condition 2 is satisfied by convex functions but does not imply
convexity for 9. Therefore Theorem 1 and 3 are valid for larger classes of functions
than convex functions. For example, the function

¥(z) = min (a:, max (%:c, -2—::: - -15))

satisfies the conditions given in Remark 4 for C = 2.
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